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Abstract

An exact expression is derived for the conditional
probability density function of a three-phase invariant
and the general result is applied to the space group
P1.The expression for the conditional density is given
in terms of a sixfold Fourier series. A straightforward
numerical evaluation of this series, without further
analysis, is extremely time consuming. Much of the
present paper is therefore devoted to an exposition
of symmetries hidden in the various summations. The
computational effort required for the evaluation of
the above expression is thereby reduced to manage-
able proportions in a number of interesting cases.
Results of numerical computations of the exact condi-
tional density are given in the second paper in this
series. It is also shown that the exact expression for
the conditional probability reduces to that given by
Cochran [Acta Cryst. (1955), 8, 473-478].

Introduction

Current approaches to phase determination by direct
methods are based on the use of linear combinations
of phases invariant under a shift of the origin of the
unit cell. Such combinations are generally termed
structure invariants (Hauptman & Karle, 1953). Of
these, one of the most extensively used is the so-called
three-phase structure invariant associated with the
product of the three normalized structure factors E,
E, and E_,_,, ie.

D =@ppt ot o_pi- (1)

In order to use the three-phase invariant for structure
determination one needs to know the conditional
probability density function (c.p.d.f.) of @, where the
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conditioning is on the values |E,|, |E,| and |E _;_,|.
An approximate form of this c.p.d.f., based on the
central limit theorem, was first derived by Cochran
(1955). Corrections to this result were subsequently
calculated by a number of investigators in terms of
Gram-Charlier, Edgeworth, or exponentiated series
[e.g. Naya, Nitta & Oda (1965); Hauptman (1971);
Karle (1972); Karle & Gilardi (1973); Giacovazzo
(1974); Peschar & Schenk (1986); a rich source of
references is the book by Giacovazzo (1980)]. As in
the above studies we shall assume that the primitive
random variables of the problem are the atomic co-
ordinates, which vary independently and uniformly
over the (0, 1) range. However, none of the approxi-
mate c.p.d.f.’s have been compared with exact results
to assess their accuracy. Such an assessment is the
motivation for the present study.

We have recently developed methods, not involving
the approximations based on the central limit
theorem, for calculating exact representations of
p.d.f.’s useful in crystallographic applications (e.g.
Shmueli, Weiss, Kiefer & Wilsop, 1984; Shmueli &
Weiss, 1985, 1986). Some of the problems considered
include that of finding exact representations of the
p.d.f.’s for |E| in various space groups as well as for
joint p.d.f’s for E from which exact ¥, and ¥,
relationships can be recovered. In the present two
papers we present some analogous results for the
p.d.f. of the three-phase invariant @ relevant to the
solution of the phase problem in non-centrosym-
metric structures. As in the above studies we shall
assume that the primitive random variables of the
problem are the atomic coordinates which, in the
space group P1, vary independently and uniformly
over the (0, 1) range.

© 1989 International Union of Crystallography
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A p.d.f. for the n-phase invariant has been derived
in closed form by Castleden (1987). However, no
numerical computations accompanied his derivation
and, indeed, even in the simple case of the three-phase
invariant, straightforward evaluation of the Fourier-
series representation of the c.p.d.f. presents formi-
dable numerical problems. In this first paper of this
series we outline a derivation of an exact Fourier
representation of the c.p.d.f. of @ given values of
|Ewl, |Ex| and |E_,_,, for space group P1. We also
show that Cochran’s approximation to the p.d.f. fol-
lows directly from the form of the characteristic func-
tion corresponding to the c.p.d.f. of . We then briefly
discuss some of the symmetrization techniques
required for reducing the numerical evaluation of the
exact c.p.d.f. to manageable form, and present some
detailed illustrations thereof in Appendix A. In
the accompanying paper we present some results
of specific numerical calculations, showing that
approximations based on the central limit theorem
underestimate the probabilities of phase determina-
tion. These conclusions are consistent with those
found earlier for methods based on 3, and ¥, relation-
ships for P1 (Shmueli & Weiss, 1985, 1986).

Derivation

The first step of our derivation is the construction of
a joint probability density function (j.p.d.f.) of the
real and imaginary parts of the three structure factors
related to @. Let these structure factors be written as
E,=A,+iB,, E,=A;+iB, and E_,_,=A,+iB,.
Observe that all the A’s and B’s can only differ from
zero in the range (—1/a, 1/a), where 1/a is the
maximum value of | E|. We may therefore express the
required j.p.d.f. as the sixfold Fourier series

3
P(E)=KY C, CXP[_"ia’zl (Up—1 Ay + uszk)], (2)

where E” = (A}, B,, A,, B,, A, B;), K is a normaliz-
ation constant, u” = (u,, u,, us, ug, us, ug) is the vector
of summation indices and C, is a Fourier coefficient
(see Example below). The following abbreviations
will be employed:

E,=|E(h)|, E,= |E(K)|, E3E|E(—h—k)|,

CO1=0n, 0= and ;=0 .

We can therefore write A;=E;cos¢; and B;=
E; sin ¢,, which allows us to transform (2) to the form

3
p(E)=KY¥ C,exp [——m‘a Y. Ei(uze_, cOs @

k=1

+ Uy sin ‘Pk)] 3)

=chuexp[—i>3:nkcos«pk—Ak)], @
u k=1
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where
O = maE(uli_, + udy)'? (5)
and
A =tan™" (upn/ uz_y). (6)

The j.p.d.f. (4) depends on the individual moduli and
phases of the three structure factors, and its depen-
dence on the three-phase invariant can be established
by replacing, for example, ¢; by @ — ¢, — @,. If we
now integrate out ¢, and ¢,, the required c.p.d.f. is
obtained. The required angular integrals can be evalu-
ated numerically, but it is simpler to represent the
exponential in terms of Bessel functions, by making
use of the relation

o0

exp(ixcos B)= ¥ iJi(x)exp(ixB) (7)
k=-—cc
(e.g. Gradshteyn & Ryzhik, 1980). The required
integral can therefore be written as

27 29 3
J de, I de, CXP[_i DI COS(GPk_Ak)]
0 0 k=1

=2 Z z ip+q+rjp(_Ql)Jq(_QZ)Jr(_Q3)
P qr
xexp [i(r®—pA,—qd,—rA;)]
27 2w

xg geXp{i[(p—r)<P1+(q—r)<Pz]} de, de,.
(8)

The angular integral in the last line vanishes unless
both p=r and g=r. Hence, if we observe that
J.(=x)=(-1)"J,(x) and omit a factor of 472, the
right-hand side of (8) simplifies to

(e o)

Z(P)= ¥

p=-c

7| 1 1o | ewtip@-an, ©

where A=A,+A,+A;. The general form of the
c.p.d.f. of the three-phase invariant is therefore given
by

P(P|E,\, E;, E5)= K'Y, C,Z,(®D), (10)
where K’ is a normalization constant, Z,(®P) is
defined by (5), (6) and (9), and the Fourier coefficient
C, is to be evaluated for the (crystallographic and/or
non-crystallographic) symmetry under consideration.
Straightforward integration of (10) over @ shows that
the (real) normalization constant is given by

c-feafzeol]”

where G, is given by (A.4).

(11

Example: space group P1

The c.p.d.f. (10) depends on the space-group sym-
metry via the Fourier coefficient C, and we proceed
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to show this dependence for the simplest non-
centrosymmetric space group P1. Since the Fourier
coefficient is just the value of the characteristic
function at a point depending in a certain way on the
summation indices (e.g. Shmueli & Weiss, 1985), the
general expression for this coefficient is given by

Cu=<exp[i i (wzk—lAk+w2kBk)]>, (12)
k=1

where w,, = mau,,. The expressions for A, and B,
for the space group P1, are given by
(13)

N N
Ag=Y njcos @y and By= 3 n;sin O,

Jj=1 j=1

=i /(50) =2/(32) oo

is the normalized scattering factor of the jth atom, f;
being its conventional scattering factor, and @ =
27hg.rx;, here hy=h, h,=k and h;=-h—k. The
atomic number approximation in (14) is exact for the
equal-atom case, and can still be conveniently
employed for moderate atomic heterogeneities. If we
make use of (13) and of the assumption that the
atomic contributions are independent, (12) can be
rearranged to read ‘

C,= ﬁ <exp[i i Ajy cos (@jk—Ak)]>, (15)
j=1 k=1

where

where

)2 (16)
and 4, is given by (6). The atomic average in (15)
can be evaluated analogously to the integration of
the phase factor outlined earlier. The exponential is
a product of three terms of the form exp (ix cos 8),
and each of these can be replaced by a series of Bessel
functions (7). It is further observed that @;=
—@;, — 0;,. Some straightforward algebra then leads
to

A}k = 'mxnj(uzk |+ uzk

N
C4) =TI Cuy(A), (17)

where

[> o]

C<u,j(A)= z
g=—©

where A=A, +A,+4; and A, =tan™" (ti/ Ugk—1).
We point out that our expression for the charac-
teristic function is analogous to that obtained by
Peschar & Schenk (1986), except that the latter
authors confine their derivation to the equal-atom
case and the present equation (18) is applicable to
any atomic composition. Another difference between
the treatment of Peschar & Schenk and ours is that

3
3q[k];[1 Jq(A,-k)] exp (—igd), (18)
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the latter authors derive approximations to the c.p.d.f.
of @ by evaluating a sixfold Fourier integral trans-
form of a suitably expanded and truncated charac-
teristic function, while our starting point is a sixfold
Fourier series. The coefficients of this series are given
in terms of the exact rather than approximate charac-
teristic function and the series is then evaluated
numerically (Shmueli, Rabinovich & Weiss, 1989).
Some practical aspects of bringing this rather formi-
dable summation to manageable form are considered
in the next section.

Reduction of the exact result to Cochran’s (1955)
approximation

Approximate results for the various p.d.f’s in struc-
ture-factor statistics, in particular those based on the
central limit theorem, can be obtained by retaining
only the terms of lowest order in the expansion for
the appropriate characteristic function and by per-
forming the required Fourier inversion (e.g. Shmueli
& Weiss, 1985). It should therefore be possible to
reduce our exact expression for the c.p.d.f. of the
three-phase invariant to the well known Cochran’s
(1955) approximation to this c.p.d.f. Let us consider
the Fourier inversion integral

T C(w) exp (—iw . E) d°w,

and approximate to C(w) by keeping only the lowest-
order terms of its real and imaginary parts. In the
present case these can be found from (18) or, more
conveniently, from the terms K, ; and K, ; in (A.8).
The lowest-order terms in the expression for the
atomic contribution to the characteristic function are

p(E)=[1/Qm) | -

Ci(w)= ]§I Jo(nI ) —2i [ ﬁ Jl(n,I"k)] cos 4, (20)
k=1 k=1

where I, =(w3;_,+w3)">. When the approxima-

tions Jo(x) =1—x?/4 and J;(x)=x/2 are made, one
finds from (20) the further approximation

Ci(w)=1—(nj/4(I'{+T3+T3)

—i(n}/4)IT,T cos A. (21)
Since
cosA=cos (A, +A,+A4A;)=V(w)/ I [,[5, (22)
where
V(0) = 00,0305 — 00,05 — 0,030 — @ w406, (23)

the atomic contribution to the characteristic function
can be approximated by

Ci=1—(w.0/4)n}-i[V(n)/4]n;.  (24)

If we make use of the approximation 1 — x = exp (—x),
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we find
N
C(w)=exp [—-w .0/4—i[V(w)/4] ¥ nf] , (25)
j=1
which agrees with the expression given by Giacovazzo

(1980). One can then follow Giacovazzo’s (1980)
derivation to find that to the order given

P(@|E,E;E;) =[27lo(x)] ™! exp (k cos @), (26)
where
( Y n; )E E,E,
=2030; 2 E,E;E,, (27)

with
N
o, = ; fi.

Equation (26) reduces to the Cochran (1955) result
for the equal-atom case, i.e.forn,=...=ny = N~V
Higher-order corrections may be obtamed by con-
sidering further terms in (A.6) and (A.7).

Simplification of the expressions and some
programming considerations

Numerical computation of the expression for the
c.p.d.f. (10) presents considerable practical difficul-
ties because of prohibitive computing times.
However, the computing time can be reduced by
several orders of magnitude by making use of the
symmetries inherent in the summations. In what
follows we briefly survey several such possible
simplifications.

(1) It is convenient to decompose (10) into the
different kinds of summations involving five, four,
three, two, one and no zero indices respectively. This
leads to more efficient and more readily debugged
programs.

(2) The arguments of the Bessel functions appear-
ing in the Fourier coefficient C, and in the phase
factor Z, of our c.p.d.f. each depend on the sum of
the squares of two summation indices of the sixfold
Fourier series. This indicates that the summation can
be restricted to non-negative indices only, provided
the phase factors [ e.g. (6)] are appropriately modified.

(3) The Fourier summation indices appear in pairs
[(1,2),(3,4) and (5, 6)] both in the arguments of the
Bessel functions and in the phase factors [e.g. (6)].
If, for example, u; and u, both run over all the posmve
integers, we may try to reduce the corresponding pair
of summations to the range u, > u,. This is straightfor-
ward in the case of the Bessel functions, but requires
some bookkeeping in the case of the phases. The
resulting relations allow one to restrict the general
range of summation to u, = u,, u;=u, and us=

CONDITIONAL DISTRIBUTION OF A THREE-PHASE INVARIANT IN P1. I

(4) The ‘intra-pair’ symmetry outlined in point 3
usually leads to several kinds of phase shifts, as shown
in Appendix A. However, an examination of the
trigonometric functions of these seemingly different
phases often reduces the number of different terms
to be summed.

(5) As pointed out above, the sixfold summation
essentially reduces to summations over three pairs of
indices. These pairs can often be interchanged, sub-
ject to a proper symmetrization of the Bessel function
products that depend on (different) magnitudes of
normalized structure factors, while leaving the value
of the sixfold summation unchanged. This leads to
another significant reduction of the computational
effort.

(6) Major simplifications, confined to the pro-
gramming of the computations, are brought about by
avoiding repetitive calculations. For example, the
required Bessel functions need only be computed
once outside the nested summation loop. Such a
simplification may call for rather large arrays, poss-
ibly requiring a computer with virtual memory. Cast-
ing the expressions into vectorizable form may result
in some savings in time but this appears to be much
less important than the reduction of the computing
time resulting from the symmetries outlined above.

The above outlined simplifications appear to be a
necessary condition for carrying out numerical calcu-
lations of the exact c.p.d.f. of the three-phase
invariant. They thus deserve some detailed illustra-
tions, which have been postponed to Appendix A.

Concluding remarks

We have derived an exact representation of the c.p.d.f.
of a three-phase invariant in terms of a Fourier series
for the space group P1. However, the derivation can
be generalized to derive representations of c.p.d.f’s
of higher invariants for higher symmetries. While the
resulting formulation is fairly concise, its numerical
implementation poses serious difficulties, and
becomes possible only when the symmetry inherent
in the summation is properly exploited. In fact, much
of the present work has been concerned with sim-
plification of the expressions to be evaluated and the
computations, the results of which are presented and
discussed in the second paper of this series (Shmueli,
Rabinovich & Weiss, 1989), have thereby been
reduced to manageable proportions.

Analogous Fourier representations of c.p.d.f.’s of
quartet, quintet efc. invariants can be readily con-
structed but we do not deal with them here since the
relevant computational difficulties still appear to be
too serious.

This research was supported in part by grant No.
84-00076 from the United States-Israel Binational
Science Foundation (BSF), Jerusalem, Israel. All the
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computations related to this paper were carried out
at the Tel Aviv University Computation Center on a
Cyber 180-990 computer.

APPENDIX A

We present here an example of simplifying the
summations involved in the computation of the
c.p.d.f. of the three-phase invariant and try to
illustrate most of the programming considerations
outlined in the paper and implemented in actual
computations. We first require a decomposition of
the complex quantities appearing in our expressions
into their real and imaginary parts.

The phase factor (9) of the c.p.d.f. depends on the
three-phase invariant @ and can be decomposed into

its real and imaginary parts as
Z(P) = Xu(P)+iY,(P), (A1)

where

X (B)=Go+2 5 (~1)°Gay () cos [2p(P — 4)],
p=t (A2)

and

Y (P)=-2 § (—1)PG2p_1(P) cos [(2p —1)}(P - 4)],
P (A3)
with

3
G, = kH I (£2y), (A.4)
=1
where {2, is given by equation (5).
Similarly, the jth component of the characteristic
function, given by (18), can be decomposed into its
real and imaginary parts as

Coj=Ry;tily, (A5)
where
R, ;=Ko ;t2 §l (-1)7K,, ; cos (2g4)  (A.6)
o
and
I.,,,.=2§1 (—1)7Ky,-y,; cos[(2g—1)A]1 (A7)
with
Knm, ;= ﬁ Il man(ube_+u3)"*. (A8)

k=1

Summation over positive indices only

Suppose we restrict our attention to non-zero
summation indices. There are altogether 2° =64 sign
combinations for any given sextet of the summation
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indices. Hence, for any given six magnitudes of the
indices u; in (10) there are 64 terms in that summation
that depend on the given set of index magnitudes but
with all their possible combinations of signs. The
dependence of the c.p.d.f. on the summation indices
is restricted to (i) the arguments of the Bessel func-
tions, which are of the form «(u3,+ u3,_,)"? and
depend on magnitudes only, and (ii) the phase factors
A=A+ A4,+A4,, where A, is given in (6). Clearly,
any A, changes its sign when only one of the u’s
changes sign, and does not change its sign when either
both or none of the u’s change sign. There are there-
fore eight sign combinations of the u’s leaving A
unchanged, and eight possible forms of the phase 4,

8 = =x|4,| |4, £ |44, (A9)

where the values 0, 1, 2, 3, 4, 5, 6 and 7 of the index
iin (A.9) correspond to the sign combinations: +++,
—++, +—+, ++-, +——, —+—, ——+ and
———, respectively. The simplification that immedi-
ately suggests itself is to group the products C,Z,,
internally, for the above eight values of the phase,
and carry out the sixfold summation on positive
values of the indices only. The c.p.d.f. (10) thus
becomes

7

p(®|E,, E,, E5)x Zo ZO Cu(8,)Zu(®, 5,). (A10)

Further simplifications require a consideration of
the dependence of C, and Z, on the phase 4, and
the symmetry of the phases as in (A.9). The eight
forms of the phase in (A.9) split in two groups of
four, which are related by a change of the sign of A.
It is seen from (A.6) and (A.7) that C, is independent
of the sign of A, but (A.2) and (A.3) show that Z,
changes its value when A changes sign. Equation
(A.10) can therefore be rewritten as

P(PIE,, By E) T Y Cul8y)

u>0s=0
X[Z(D,8,)+ Z,(P,-5,)].
(A.11)
The sum in the square brackets in (A.11) reduces to
Z(D,8)+Z,(D,—6)=2W,(D,35)
=2[Uy(D, 8) +iV, (D, 8)],

(A.12)
where
UuD,8)=Go+2 Y (—=1)’G,, cos (2pP) cos (2ps)
a (A.13)
and
Vu((p’ 8)= -2 Z (_l)pGZp—l
p=1
xcos[(2p—1)D]cos[(2p—1)8] (A.14)
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and (A.11) further reduces to

3

p(‘plEl, E2, E})x 20 zo Cu(as)wn((p, 83) (Als)

Another consequence of these considerations is the
(expected) symmetry of the c.p.d.f. with respect to a
change of the sign of @. Simplifications similar to
those of the last paragraph follow readily for the
summations having one or more indices equal to zero.
Note that we omitted here explicit reference to the
normalization constant, which can be computed
from (11) at any stage of the symmetrization/sim-
plification.

Intra-pair symmetry and other simplifications

As pointed out above, the characteristic function
C, and the modified and integrated phase factor
W, (@) of the Fourier c.p.d.f. depend on the sum-
mation indices via the arguments of the Bessel func-
tions, and the phases 4, defined in (6). For each pair
of indices (uU,x_;, U>x) We have either uy,_; = uyy, with
A =m/4, or uy_,# uy. If we consider all the
positive indices, as outlined in the previous section,
we encounter, for any pair of unequal indices
(usk—1, i), the pair of indices (usr, #2x—;). The
phases of these two pairs are obviously related by

A =tan"" (Uyn_y/ tx)
=cot™" (u/uyx—y) = (m/2) — Ay (A.16)

We can therefore confine the summations on u; and
u, to u,; > u,, and treat in a similar manner the other
pairs of summations on (us, us) and (us, ug).

An example of this intra-pair symmetry is shown
below by considering together the following configur-
ations of the summation indices: (1) u, # u,, u; = u,
and us=ug, (ii) u,=u,, u3#u, and us=u,, and
(iii) u, = u,, u3 = uy and us # ug, where all the indices
are positive. The appropriate version of the
summation in (A.15) is

o

o 3
2 2 L Cuunuu(8) W (D, 6),
u#u;=1 uzus=1s=0
(A.17)
where C, u,u,, [an abbreviation for C, . u,uuu] 1S
defined as in (17), and W, , ..., (®P) is defined as in
(A.2)-(A.4) except that the quantity G,, that appears
in those equations is to be replaced by
Gin = BT12B%; B35+ B312By33Blss+ B;",ZB{'}3B§"55,
(A.18)
where
- {J,,,['n-aEx(uiJr u)’? ifk#1
J(maEau2) if k=1

skl —
Equations (A.18) and (A.19) account for the three
index configurations, while only the first one appears

(A19)
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in the summation. The fact that there are two pairs
of equal indices introduces into the phase a constant
term.

We now have to consider the four phases, §;, for
the cases (i) u, > u,, and (ii) u, < u,, and will take (i)
as the reference case. We thereby obtain eight phases,
only four of which are different (up to a change of
the sign): (i) 4,~m, (ii) 4,— /2, (iii) 4, and (iv)
A+ m/2, with multiplicities of 1, 3, 3 and 1, respec-
tively. If we group internally the expressions that
depend on these phases, the summation in (A.17)
reduces to

© © 3 3

Z Z Z ( )[Culuzu3u5(Al—7T+ 7TS/2)
uy>uy=1 uzus=1s=0 \'§

X Wiigusu( P, 4y — 7+ 71s/2)]. (A.20)

The number of different types of products C, W) (®)
in (A.20) can be further reduced from four to two by
evaluating the functions cos (2n8;) and cos[(2n—
1)6,] for the different values of the phases. One sees
that if the phase 4, in C,(4,) Wi(®, 4,) is replaced
by 4, — m, the product transforms to its complex con-
Jugate. If 4, in C,(4,) Wy(D, A)) is replaced by 4,+
/2 another type of product is obtained, which we
denote by C,(4,)Wi (D, A,) where, in the space
group P1,

(A.21)

where

RLCo(A)] =Ko, +2 % Koy, cos (244), (A22)
q=1
Il Cof( M1 =2F Kyyo, cos[(2q- 1AL, (A23)

R Wi(D, A)]=G3+2 Y G}, cos (2p®) cos (2pA),
Pt (A.24)

and

Il W ®4)]= -2F G,y cosl(2p—1)]

p=1

xcos[(2p—1)4], (A.25)
where K, ; is defined by (A.48) and G}, is given by
(A.18). When, finally, the phase A4, in
C(A))Wy(D,4,) is replaced by A,—7/2, the
product_transforms to the complex conjugate of
Cu(A))Wi(D, A4,)). The (relevant) real part of the inner
summation in (A.20) thus becomes

4RA[Cu(A) Wi(D, 4)]+[Cu(A)) Wi(D, 4)]}.
(A.26)

There are still eight products in the summation but
only two of them differ.
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Inter-pair symmetry

Consider the summation over six non-zero indices,
where none of (u,, u,), (us, us) and (us, ug) is a pair
of equal numbers. This case is the most time-
consuming part of the calculation. As explained
above, the summation can be restricted to positive
indices only, where u, > u,, u;> u, and us> uq. Sup-
pose the sixfold summation converges when the upper
limit of a single summation is some number, say M,
and each of the indices u,, u; and us ranges from 1
to M. It is easily verified that when the three |E|
values are equal, the above index configuration leads
to some redundant calculations the result of which
is invariant under a permutation of the pairs of
indices. Accordingly, in order to simplify the calcula-
tion it is convenient to define new indices as

k=1,2,3. (A27)

It is then sufficient to let u, range from 1 to M, us
from 1 to u, and us from 1 to u,. We further introduce
multiplicity factors depending on whether v,, v,, v;
are all different, v, = v, # v3, V,Z V,= V3 0r V| =V, =
v;. The E-dependent Bessel functions are stored out-
side the summation loop in arrays of the form

D;(p, vi) = J [ maEj(ubk-, +u3)"?1 (A28)

and the triple products such as those in (A.4) can be
computed as

T\23 = D,(p, v1) Dy( p, v2) Ds( p, v3),

_1
Vi = 2(Ups—1 — D Ugpey + Ui,

(A.29)
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where the subscripts on T pertain to the subscripts
on the | E| values. In the general case, i.e. for unequal
|E|’s, we can still retain the restricted ranges of the
summations by symmetrizing T),;. This is simply
achieved by computing the expression

T3+ Tpa+ Tz + Tigpt Topy+ Toys). (A30)

Since only some of the terms require such a sym-
metrization, the computing effort is thus again sig-
nificantly reduced.
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Abstract

The conditional probability density function of a
three-phase invariant is computed from exact
expressions derived and discussed in the first paper
of this series [Shmueli, Rabinovich & Weiss (1989).
Acta Cryst. Ad45, 361-367] and comparisons are pre-
sented of these computations with the approximate
conditional density due to Cochran [Acta Cryst.

0108-7673/89/060367-05$03.00

(1955), 8, 473-478]. Conditional variances computed
from the exact and approximate expressions are also
compared. The computations are carried out for the
space group P1. This is the first numerical comparison
of conditional phase-invariant statistics evaluated
from exact and approximate expressions. The dis-
crepancy between these two kinds of statistics appears
to be negligible if the E values involved are small
and the number of atoms in the cell is moderately
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